(2.1) Functions F(x), G(x) and Related Integrals

erf(w)

F=|’ aw, GE=[’ erfc(W)dw, [P e™ mwaw, [* e Inwaw

a>0, x>0

Alternate Formulas

Q.1.1) F(aX)= j erf(“’“) dx , GlaX)=|’ M dx
2.1.2) [ e lnwdw:%[erf(aT)lnT—F(aT)]

a
(2.1.3) j; e 1nwdw=§[erfc(af)1nT+G(aT)].

a

o 2.2 \/; 7/
2.14 Y Inwdw = —-——| =+ In(2a) |.
2.1.4) [~ e wdw 20[2 (a)}
Functional Relationships
(2.1.5) F(X)= Z +In(2X) + G(X) (y=Euler Constant=0.5772156649015328606...)
o Inx 0 b

2.1.6 @ 2 dx = E.(a =2.|=G(a) =G, (a
(2.1.6) [ e T [av N )} \/; (Ja) =G, ,(a)

where G, (a) is defined in Section (2.2) and explored fully in Chapter 3, Folder 18.

Convergent Series

2X & (D) x*

(2.1.7) F(X)= % ke
_l 2 _L > 2 . 1/2),

(2.1.8) G(X) =~ E,(X7) ZMZ:; i Tl /2) Epnn(X7),  Co=rmrt
2 -x? X_2 N Ek+1/2(X2)

(2.1.9) G(X)— Lp (X)) —e™ In2+ o C, TRV

Accelerated Series

(2.1.10) G(X)= %El (X?) —iH(X)

00

par (k 1/2) k+3/2(
e ZWk (Xt mierfe(X)Y S, o (X + (=X Y8, i Epn (X
k=1 k=1 k=0

2.1.11) H(X)= %)
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where

W = —— —=27In2-4, W = S ., nx1.

! ,; (k+1/2) " ; o

S
Slk:Lz’ k=0. Sn+1k:¢’ k=0, n=1.
T (k+1/2) T (k+1/2)
Explicitly,
1/2
(1/2) T (m+k-Dl(n+k-1/2)

and numerical values for the W sequence are found in Chapter 3, Folder 16.

Asyvmptotic Series

2X & (D) xH*

2.1.12 F(X)=
( ) (X)= Jn & Bk +1)°
(2.1.13) GX)=F(X)- % —In(2X)  (See also (2.1.9)) forX—0
D (1/2
(2.1.14) G(X)= 2X\/E Z - )X( ) E .\, (X*)+W,,
1 1/2),,
|WN|<2X\/_(X21)V]+V21EN+5/2(X2) for X - o
2.1.15) F(X)= g + In(2X) + G(X) for X — oo
LaPlace Transform
(2.1.16) j 0°° e lnT;dt \/*/E [y + In(4p)], »>0.
p

Computer Subroutines

F(X): DOUBLE PRECISION FUNCTION DFERFK(...)
G(X): DOUBLE PRECISION FUNCTION DGERF((...)

References : Chapter 3, Folders 6, 16 and 18
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(2.2) Functions E (x), G,(x) and Related Integrals

E (xt) OE,(x) _ [ e Int

ext
—dt, G()J’ 2 =

Ev(x)=j:° dt, x>0

For Integer and Half Odd Integer Orders with Application to

bix?
Lo,1)=[" ﬂdx, n=0,1,2, ..., T>0

Introduction
The relation

1 E,(x)-E (x)

v-1

X pL—v

E (xt) EV (x)—E, (x)
t’ pL—v

(2.2.1) J. )d = , or equivalently J. , U#EV

can be verified by differentiation w.r.t. x. Notice that if u — v, we get the case where i = v on the left,
and we define G,(x) by

E (xt) _ —0E,(x) :J-oo e Int
1 A%

222) G,(0)=[" =

v E
dt or .[ ;V(t) dt = }-1 G,(x), p=v
x x

Basic Properties of E,(x) and G,(x), v>1

Basic properties of the exponential integral

2.2.3) Em=[" % t

can be found in most handbooks. In this section we repeat some of these properties and note the
similarity of E,(x) and G\(x)

v=0

(2.2.4) Evii(x) < Ey(x)

(2.2.5) G, (x) < G, (x), v>1

(2.2.6) ¢ CEm<—% vl

x+v x+v-1

2.2.7) ¢ Fa® gy B e . v>1
(x+v)(x+v+]D) x+v x+v—-1 (x+v-1)

(2.2.8) VE 1 (x)+xEy(x) = e

(2.2.9) VG (X)TxGy(x) = Eyri(x) v>1

(2.2.10) E'(x)=—E, ()

2.2.11) G'(x)=-G, (x), v>1

(2.2.12) E(0) = 1/(v—1),
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(2.2.13) Gy(0) = 1/(v—1)* v>1

Closed Forms

(2.2.14) E,,(x) = Jrerferx)//x, E,,,(x) = 2/x ierfe(vx)
(2.2.15) G,,(x)= 2\/EG(\/;)
X

where G(x) is described in Section (2.1) and Chapter 3, Folder 16.

Convergent Series

(2:2.16) E(x)=—y—Inx=Y (=x)
n=1 nn'
2.2.17 E,(x)=x[y+Inx-1]+1-
( ) ,(x) [y ] nZ:; (- l)n'
) 3 s (-
(2.2.18) l(x)——+ LE2 (- (y-i—lnx)z z 3 4
nn' P k
0219 G=1-" e Egrny ex ey xxy SO0
B 12 ! ! ~ n*(n+Dn!
2y (—x) s - X 3 (-x) D,
= nn+1) 29 n+l
where
n—1 n -1 n
An:l Ci , Dn:l H , nx2
nis n—k ni= k(n—k)

Application of E,(x) and G\(x) to 1,(b,T)= _[: e—dx, n=0,1,2,..., T>0
X
Explicit formula

(2.2.20) 1, (b,T) =

InT 1
Tnl (n+l)/2(bT )+ AT (n+l)/2(bT)

For n = 0 the results are computed in (2.1):
© 22 \/;
(2.2.21) 1,(b,T)= L e In xdx = 2—b[erfc(bT) InT + G(bT)]

For even integers we get the G, function of half-odd orders:
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InT
2T2n—1

Epn (0T 4 — G, (0°T?) >0

(2.2.22) 12,, (b, T) = AT 2n-1

For odd integers, we get the G, functions of integer orders,

(2.2.23) 1,,.,b,T)= ;—ZTEI (b°T?)+ M%G,m (b°T?) n=0
Recurrence for 7,,(b,T) :
(n+1) T e 1

(2.2.24) +1

+
2b2 n+2 n 2b2 Tn+1 4b2Tn+1

E(n+3)/2(b2T2) n2 0

and this shows that the even and odd sequences are de-coupled. Also, the amplification factors (for the
growth and/or decay of homogeneous solutions)

2bh* n+1
or
n+1 2b*

for forward or backward recurrence show that a stable recurrence occurs (ratios less than or equal to 1)
by recursion away from N, = [2b°] or Ny+1 since one of these is an even index and one is odd.
Notice that if T=1 then,

1 1| o
(2.2.25) I,(b,1) :_G(n+1)/2(b2) =77 _Ev(bz)
4 4 8\/ v=(n+l1)/2

Stability of Recurrence Relations

It is known that the recurrence for E,(x) is stable if one generates E,(x) for the order closest to x and
recurs away from this index with the two-term recurrence relation above. This pattern also applies to
G,(x) and this is what is done to generate sequences in the subroutines for the integer and half-odd
integer orders.

Computer Subroutines
The computation of E\(x) and G,(x) is described in Chapter3, Folder18. These computations result in
subroutines

E,(x): SUBROUTINE DEXINT(...) for sequences of positive integer orders
SUBROUTINE DHEXINTY(...) for sequences of positive half-odd integer orders

G(x): SUBROUTINE DGEXINTY(...) for sequences of positive integer orders
SUBROUTINE DGHEXINT(...) for sequences of positive half-odd integer orders

References: Chapter 3, Folders 16 and 18
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(2.3) Functions I(a,b,x), J(a,b,x), U(a,b,x), V(a,b,x) and Related Integrals

I(a,b,x) = | “ e ™™ erfe(bw)dw, J(a,b,x) = j “ e ™ erf(bw)dw

U(a,b,x)zj: e ™ erfe(bw)dw, V(a,b,x)= j ; e ™ erf(bw)dw

a0, b=0 x>0

Other Notations

The I, J, U, V notation is commonly used to denote other integrals. Consequently, we often added a
subscript 5 to these functions to distinguish them from other notations. The subscript 5 is a designation
for Folder 5 in Chapter 3. Thus, I, J, U, and V can also be 1.,J,, U.,and V.

Convergent Series For I(a,b.x)
A series expansion is developed for

k
3 1 o~ (172), a’ s 9
(2.3.1) I(a,b,x) N e WG(G,Z%X), G(a,b,x) = 2 T (az e E ;,(dx") a<b
2.2 k-1
be ™ & 4d° 2k
(2.3.2) I(a,b,x) = e ;(az e ] [(k—D'i*erfe(bx)], a<b

which converges for all a and b but the convergence is best for a < b. A companion relation
2.3.3) I(a,b,x) = gerfc(ax) erfc(bx) — éI(b, a,x) a>b
a a

is used for a > b since I(b,a,x) contains the factor [6*/(a’+b%)]* and the convergence is best for a > b.
G(a,b,x) is further broken down into

_d2?
(2.3.4) j@ 2% tan” %— dx*S(a,b,x), & = P+
a +b a
k
& (1), @’ L,
S@h)=2 7 ) B @) a=b

to break out the dominant behavior when x is small. Both of these series converge without the
restrictions a < b or a > b but the restrictions ensure that the ratios

a*/d* or b*/d*

do not exceed % and each series can be terminated in no more than 50 terms with errors O(10™").
These formulae are manipulated in Chapter 3, Folder 5 to obtain forms which are suitable for
computation.

Convergent Series For J(a,b.x)
Notice that

(2.3.5) J(a,b,x) = 1(a,0,x) - I(a,b,x) = ?erfc(ax) —1(a,b,x)
a
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The complete computation for numerical evaluation is given in Chapter 3, Folder 5.

Convergent Series For U(a,b.x)
Notice that

(2.3.6) Ula,b,x) = I(a,b,0) - I(a,b,x) =

tan 1— I(a,b,x)

e

Further details of computation are given in Chapter 3, Folder 5.

Convergent Series For V(a,b.x)
Notice that

é—J(a b, x)

2.3.7 V(a,b,x) = ?erf(ax) -U(a,b,x) =
a

a\/—

The details for a more robust numerical evaluation are given in Chapter 3, Folder 5.

Functional Relations

(2.3.8) al(a,b,x)+ bl(b,a,x) = %erfc(ax) erfc(bx)

239 aJ(a,b,x)+bJ(b,a,x)= %[1 —erf(ax) erf(bx)] = %[erfc(ax) + erf(ax)erfc(bx)]

(2.3.10) J(a,b,x) + I(a,b,x) = ?erfc(ax)
a

(2.3.11) aU(a,b,x)+bU(b,a,x) = %[1 — erfc(ax) erfc(bx)] = %[erf(ax) + erfc(ax)erf(bx)]

(2.3.12) aV(a,b,x)+bV(b,a,x)= %erf(ax)erf(bx)
(2.3.13) U(a,b,x)+V(a,b,x)= gerf(ax)
a

Asymptotics for x — +o

1 & (=1 1/2),
2.3.14 I(a.b,x) =
@319 (@,5,x) = Z ()"

1 (1/2)N+1
2b\/_ (b )2N+2 N+2

E,,[x (@ +b") |+, (a,b,x) ,

|WN(a,b,x)| (@ +b")]

I(a,b,x) :ﬁerfc(ax)erfc(bx)— b Z( i (12/k2)k
(2.3.15) 2a Vs ()

R, (a,b, x)| < ;|WN (b,a,x)|

Now, we use relations
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(2.3.16) J(a,b,x) = j “e " erf(bw)dw = 2—\/;erfc(ax) —I(a,b,x),
X a

(2.3.17) U(a, b, x) = j "o erfe(bw)dw,= I(a,b,0)— I(a,b,x) = tan”' = — I(a.b.x)
0 aN'rw

(2.3.18) V(a,b,x)=[ e erflbw)dw="erf (ax) - U(a,b,x) = L ian' 2 ~J(a,b,x)
0 2a a~N7T a

to get the expansions for J, U, and V.

Related Functions

A generalization of I(a.b,T)

Details relating to the manipulation of
Y (a,b,T) = j < i erfe(bw)dw,  n>-1

a>0, b=>0
are found in Chapter 3, Folder 29 for the series representations:

(2.3.19)

ForCasel, a<b,

b & 4a® N Tn/2+k)
2.3.20 Y (a,b,T i"**erfe(bT), n=0
(2.3.20) @b D)=y ;(a +b2j Tizen. =~ ®D:

and for case 11, a>b,

(2.3.21) Y (a,b,T) = ?Zn:(—l)k (éj ikerfc(aT) i"ikerfc(bT) + (—1)'”1 (éj" Y (b,a,T)
a =0 a a

with the special case

erfc(T\a® +b*)
Na' +b’ .

(2.3.22) Y (a,b,T)=

The recurrence

2
a

b 202

(2.3.23) Y ,=—— [2nYn +—e " i”_lerfc(bT)}
a +b a

is numerically stable on backward recurrence and is used in subroutine INTEGI29 to generate even and

odd sequences of Y .

Integral of I(a.b.T)

Integration of Y, (a,b,T) = 1,(a,b,T) for Casel, a <b, gives

a+b S\ a’ +b’
and integration of Case II, a > b, in Chapter3, Folder 5 gives

(2.3.24) [ 1s(a,b, wydw= b i( 4a’ J [((k-DY,, (a,b,T)], a<b

(2.3.25) j: I.(a,b,w)dw =2£Z L‘f erfe(aw)erfe(bw)dw — gj: L(b,a,w)dw  a>h
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where the /,(b,a,T) integral on the right is computed above since the first parameter is less than the
second parameter. The integral

.f: erfc(aw)erfc(bw)dw
is computed in Chapter3, Folder 9, but we can get an alternate form from

Y (a,b,T) = j: e jerfe(bw)dw

by integration by parts:
(2.3.26) I: erfc(aw)erfc(bw)dw = {erfc(aT)zerfc(bT) \/_ Y (a,b T} ,
with
b & 4a> C(/2+K) 0 T(/2+k)
(2.3.27) Y(a,b,T)= s ;(a +b2] TG/2) erfc(bT), TG 2(1/2),, a<h

For this computation we can always choose a < b since the integral is symmetric in a and b and a can be
chosen to be the smaller of the two parameters.

Representations of i"erfc(z), n =-1,0.1

Take b =0 in I(a,b,x):

Jr 1
2.3.28 ~~erfe(ax)=——=—» C,E x%), Ci = (12)/k!
( ) 22 (ax) 2\/—ak2=(; vEpn(a'x k= (172)k
(2.3.29) erfc(z):%z C.E, . ,(z")
k=0

Differentiate wrt z to get

—Z

e
2.3.30 C.E
( ) B \/Ekz(; k+1/2(Z )
Integrate erfc(z) above

N & (1Y), :
(2.3.31) 1erfc(z)—ﬁerfc(z)—2—z(; K+ D) E,.,(z%)

LaPlace Transforms

2.3.32) [7 e erf(:/;_) \/2— %
(23.33) fo e retiland = [f - J% +%}
(2.3.34) J, e erfc%_) \/2— o
o [ e b b -]
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Special Cases

© 2,2 1 a
(2.3.36) 1(a,b,0) = e ‘" erfc(bw)dw = tan~ —
Ji e PN
(2.3.37) I(a,a,x) = gerfc2 (ax)
a
(2.3.38) J(@,b,0)= [ e erf(bw)dw = tan™"
.[ 0 a \/7
X 1 2.2
(2.3.39) V(0,b,x) = erf(bw)dw = xerf(bx) ———=(1—-e"")
I WNx
Inequalities
A restatement of (2.3.8) gives the relation
Jrz
(2.3.40) W= Terfc(ax) erfc(bx) = al(a,b,x)+ bl (b,a,x)

Divide W by a+b. Then the right side is a convex linear combination of /(a,b,x) and I(b,a,x). Therefore

(2.3.41) min[/(a,b,x),1(b,a,x)] < Wb <max[I(a,b,x),1(b,a,x)]
+

Divide W by va® +b*> and we have the dot product of two vectors, one of which has length 1. By the
Cauchy inequality, we have

2
(2.3.42) [LJ <I*(a,b,x)+I*(b,a,x)
Ja* +b?
Notice that if b = a, then the max and min are the same and
(2.3.43) I(a,a,x) = L ﬁerfcz (ax).
2a  4a

We have similar results for J(a,b,x):

N

(2.3.44) W=-— [1 erf(ax) erf(bx)] aJ(a,b,x)+bJ(b,a,x)

: W
(2.3.45) min[J(a,b, x), J(b,a,x)] < 5 <max[J(a,b,x), J(b,a,x)]

a+
W 2
(2.3.46) (—J <J*(a,b,x)+J*(b,a,x)
Na® +b’
If a =b then the max and min are equal and
(2.3.47) J(a,a,x) = v _ Jr [1 —erf? (ax) |.
2a  4a

Because of (2.3.11) and (2.3.12), we also have similar relations for U and V.
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Computer Subroutines

I(a,b,x): SUBROUTINE INTEGIA(...)
J(a,b,x): SUBROUTINE INTEGJ5(...)
V(a,b,x): SUBROUTINE INTEGVS(...)
Y, (a,b,T) : SUBROUTINE INTEGI29(...)

References: Chapter 3, Folder 5, Chapter 3, Folder 29
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(2.4) Functions 1,,(a,b,T) and I, (a,b,T)

1,,(a,b,T) = jf e erf(bx)In xdx, IS, (a,b, T) = j : e erfe(bx)In xdx,
a>0, b>0, T>0

Series Representations
Casel. a<b

2.4.1) 5, @b,T) = L, (ab,T)nT + 210 tan (ij __S@bT) a <b

a\/_ 4na® + b2
where I5(a,b,T) is the [ function of Chapter 3, Folder 5 and

2

> a
S(a,b.T) =
(@,5.1) ,Z; (k+1/2)(a e

k
J E,.,(X), X=Ta+b>), Ci=(12)/k, k>0

Notice that a*/(a>+b%) < % and the convergence of the S series is better than O(2k?).

Case II, a > b The reflexive relation

2b

7

(2.4.2) I, (a,b, T) = — erfe(aT)erfe(bT) InT + 2=

N

is derived in Chapter 3, Folder 20 and used to compute for a > b:

Jn

24.3) I5,(a,b,T)= E[Ifg (a,b,T) +erfc(aT)erfc(bT)InT] - EIZO (b,a,T) a>b

Jr E, (X) (bj S(b,a,T)
=1.(a,b,T) InT bT)—= __>0al)
s(a ) InT+= 2a Ly (@ ) G{Zb\/; an a 4\/E a’+b’

where I, (b,a,T) fits into Case I because the first parameter is smaller than the second parameter.
I}, (a,b,T) is computed in Chapter 3, Folder19. I5,(0,b,T) is evaluated explicitly, and the results for

I5,(a,b, T) + I5,(b,a,T)

I5,(a,0,T) are given in Chapter 3, Folder 16. For /,,, we can use erfc(x)=1-erf(x) and get a pair from
Jz .
(2.4.4) 1,,(a,b,T) = 2—[erfc(aT) InT + G(aT))-15,(a,b,T)
a
and /5, (a,b,T) above where G(x) is computed in Section (2.1). However another analysis yields the pair

~ Jr EX) fa S(a,b,T)
(2.4.5) Izo(a,b,T)—JS(a,b,T)lnT+EG(aT) a\/_ (bj—m , a<b

and for a>b, we have

(2.4.6) I, (a,b,T) = 1,,(a,b,0) - g[erf(aT)erf(bT) InT -1,y(a,b,T)]+ é[120 (b,a,0)—1,,(b,a,T)].
a a

Results for 7' — 0 in /,,(a,b,0) and 1,,(b,a,0) are given in Chapter 3, Folder 20.
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Computer Subroutine

1,,(a,b,T)andI:,(a,b,T): SUBROUTINE INTEGI20(...) on KODE=1 and KODE=2

References: Chapter 3, Folder 20
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(2.5) Functions P(a,b,T),P(a,b,T) and Q(a,b,T)

w, P@bT)=| e erfedw) 4

9

P@a,b,T)=[ " =20 e;f(bw) d

w
Q(a,b,T) = j: e ™E,(b*w?)dw
a>0, b>0, T>0
Series Representations
2 2
LB (@T?) - G(WX )~ | 2V HD erfc(ﬁ)+£51(a,b,)(), a<h
2 b++a®>+b’ N3
2.5.1) P(a,b,T) =
2 2
L @1)erfpr) + 10| Y0 o) - 2L 5 (b, 1), a>b
2 a \/;
2 2
*/;m[”‘+ “”; +h }erfc(ﬁ)—TSz(a,b,X) a<h
a

_ \/; 22 \/; 2 a2+b2 \/;
(252)0(a,b,T) =1~ E,(b°T*erfe(al) =~ In e erfc(\/f)—7G(\/Y)

VX

+—35,(b,a,X)
2a

Sl(a,b,X)Zi Ck( a j E’””Z(X)’ Sz(aab,X)Zi[ a’ j E, . (X)

k=1 Cl2+b2 k k=0 a2 +b2 2k+1

X=T@+b), C, = T k=1,2,...
and the computation of

(2.5.3) G = erfe®) 4,
x %
is described in (2.1). Notice that whenever S; and S, are used, the powers of a*/(a*+b?) or b*/(a*+b?) are

less than (or equal to) 1/2%, making the convergence of these series quite acceptable numerically.

Special Cases

p(a,b,o)zh{m_ Va* +b? } Q(a,b,o)zﬁl{w_ Jbb }
a a
(2.5.4)
. Jx -
P(a,0,7)=0, 0(0,b,T) = Terfc(bT) -TE,(b°T")
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Functional Relations

(2.5.5) P(a,b,T)+ P(a,b,T) = %El (@’T?).
(2.5.6) P(a,b,T) = %El (a’T?)erf(bT) + %Q(b, a,T).

To compute P (a,b,T) from (2.5.5) and (2.5.1), the subtractions should be done analytically to retain
significant digits.

Asymptotics

For bT large, we have
= _1 k (1/2)k

(2.5.7) P(a,b,T) ~ —E( .
Jr & (bT)”‘

(X), X=T*a’+b*)

(2.5.8) P(a,b,T) ~ Z( D (1/ 2)k (X), X=T*(*+b%

ZbT\/_ (bT)Zk k+3/2
(2.5.9) Q(a,b,T)~2(bT) Z( ) (b(g“ E, ., (X), X =T*d® + )

For aT large, we use (2.5.5) in conjunction with (2.5.8) to compute P(a,b,T)

(2.5.10) P(a,bT) = %El(asz Jerf (BT) + —2— Ob.a,T)

s

(2.5.11) P(a,b,T) ~ lE (a*T?)erf(bT) + - i( 1)* (k)Zk k+3/2(X)} X =T*a’ +b%)

f{2( ) = (aT)
Z( D (k): (X)} X =T +b*)

(2.5.12) P*(a,b,T) ~ lE (@’T*)erfc(bT) — _[

Jr 2ty & Gy
For large aT in Q(a,b,T), we solve for Q from (2.5.5), exchange parameters and use (2.5.6),
(2.5.13) O(a,b,T) = */_ [ P(b,a,T) ——E (B2 T*erf(aT) ]
\/_ S (1/2)

2.5.14 b1y~ Y| 2 ) —LE, ., (X)|, X=T*@a"+b%).
( )Q(Cl ) a 20 \/; k=0( ( T)zk k+3/2( ) (Cl )
Fora — 0 we get
(2.5.15) P(a,b,T) = %El (@’T*)- G(bT)+0(a’) = - % ~In(aT)-GObT)+0(@*) a—>0

where G(x) is defined in (2.1) with its properties displayed in Chapter 3, Folders 6 and 16.

Computer Subroutines

P(a,b,T) or P¢(a,b, T): SUBROUTINE INTEGP(...) with KODE=1 or KODE=2
Q(a,b,T): SUBROUTINE INTEGQ(...)

References: Chapter 3, Folders 6, 11, and 16
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(2.6) Functions I,(a,b,T)and I;(a,b,T)

-a’w? -al/r
L@bT=[" & erflw) oL e erfb/NT) o
! T

w? 20 Jx
-a’w? —a’t
Kabm=[" ° erzfc(bw)dw:%jo* e erf\/C_('D/\/;)dT
w T
a>0, b>0, T=L, =0
Jt

Other Notations
See the Preface for a detailed explanation of the notation used in the edition dated August, 2003. In that

version, I, and I; were defined by the second integral of the title lines. In order to refer to the first

integral, the symbols I, or I° were used. In this edition, I, and [{ are defined by the first integral of the

title lines and there isno I or I°.

Representations
_a?T?
(2.6.1) L(abT)=4—TCD b b (x)_202T(a,bT), X =(a’+b)T
T Jz
T2
L(abT)=4—TED | b b (xy_arzerfe(al)+2a° L, (a,b,T)
T Jr
(2.6.2) . =
__e D b g )+ Y ierfe(aT) + 241, (a,b,T)
T Jr T
N . b
(2.6.3) I,(a,b,T) = X2 etf(bT)ierfe(aT) + —= E,(X) - 2abI, (b, a,T)
T Jr
—a’T?
(2.6.4) I (a,b, Ty = & TBD) b o vy 2421, (a,b,T)
T Jr
. Jr . b
(2.6.5) I (a,b,T) = TGrfc(bT)lerfc(aT) - TEl (X)+2abl,(b,a,T)
T

where Js and /s are the J and [ integrals of Folder 5 in Chapter 3,

J(a,b,T) = J(a,b,T) = j j e ™ erf(bx)dx,
(2.6.6) L
1(a,b,T) =1(a,b,T) = jT e erfe(bx)dx

Functional Relations

(2.6.7) 1,(a,b,T) + I (a,b,T) = gierfc(ﬂ)
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Asymptotics for small t

[ ¢\ a’ +b’
(2.6.8) [1 (a,b,T)~ m; Ck[b—zj Ek+2(7j+RN’ T:l/\/;
(2.6.9)  I,(a,b,T)=~nt ierfc(a/~rt) - I¢(a,b,T)
N+2 az —|—b2
C, = (-D(1/2),, k=0,1,. R, | < f' N+l|( j EN+3( ]

t

Special Cases,T>0

(2.6.10) b=0, 1,(a,0,T)=0

erf(bw) dw — erf(bT )

(2.6.11) a=0, 1,(0,6,T) = j E,(b’T?)

\/_

Computer Subroutines

I,(a,b,T)or I (a,b,T) : SUBROUTINE INTEGI(...) with KODE=1 or KODE=2

References: Chapter 3, Folders 1, 2, and 10
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(2.7) Functions I ,(a,b,T) and I, (a,b,T)

N e_azwzerf(bw) D WL
113(a,b,T)—L wa_ijo e erf(b//u)du,
. o e‘“zwzerfc(bw) 1t 2
113(a,b,T):jT - dw:EI0 e "erfe(b/A/u)du
a>0, b>0, T=i, t>0
Jt
Representations
—dT?
(2.7.1) I5(a,b,T) = esz erf(bT) + %’erfc(r\/a2 +b*)—a’P(a,b,T)
erf(bT) e b P
(2.7.2) I.,(a,b,T)= E,(@’T?) + ——=E,,[T?(a’ + b’ )] - —=Q(b.a,T)
13 T2 2 ZT\/; 32 \/;

where P and Q are the functions of Chapter 3, Folderl 1. For the complementary integral, we have

—a’T? 2
(2.7.3) I5(a,b,T) = ezT2 erfe(bT) —%El (@’T?) —%ierfc(Tx/az + %)+ a*P(a,b,T)
(2.7.4) I¢,(a,b,T) 1 (asz)erfc(bT)—LE [T>(@* +b>)] + 2’b Q(b,a,T)
el 13 b 2T2 2 2T\/; 3/2 \/; b Rsd)
2.7.5) I @b, 1) = B, T) =1, (@b,T)

where E,,,(x*) = N ierfc(x) .Significant digits in (2.7.3) can saved if the E and P functions are
combined analytically before evaluation (See (2.5.1)).

Computer Subroutine

I,,(a,b,T) or I, (a,b,T): SUBROUTINE INTEGI13(...) with KODE=1 or KODE=2

Reference: Chapter 3, Folder13
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(2.8) Functions I,(a,b,T), I5(a,b, T), I,(a,b,T) and I:(a,b,T)

I,(a,b,T)= '[ erf(aw) erf(bw)dw = — 5 J‘:O erf(a/\/_ );:-f(b/\/_ u)

u
I;(a,b,T) = j erfc(aw) erfc(bw)dw = ; J-t erfc(a/\/u )3(/32rfc(b/\/_ u)
0 u
I,(a,b,T) = j w erf(aw)erf(bw)dw 2 J‘ = erf(a/\u )erf(b/\f )du
u’
I5(a,b,T) = J‘ w erfe(aw)erfc(bw)dw 2 J'terfc(a/\/_ )erfc(b/\/_ )du
u’
a>0, b>0, T=%, t>0

Representations

7a2T2 —bZTZ / 2
2.8.1) I,(a,b,T)=Terf(al)erf(bT) T erf(bT) + & erf(aT) - a’ +b ————erf(T\a’ +b°)

an bn ab\n
Now from Chapter 3, Folder 7, we have
(2.8.2) I(a,b,T)=J,(a,b,0,T)
e erfe(bT) e® " erfe(aT) Ja?+b? )
-Terfc(aT)erfc(bT)- erfc(Tva“+b™)
an bn ab\n

and the following expression resolves the indeterminant form for small a,

(2.8.3) J,(a,b,0,T) = erfe(aT)ierfe(bT) /b - S(a,b,0,T)

a [Vref@x) T & 3/2),( & Y 2 o2
S(a,b,0,T)=— S E, ,T°X
(a )=l x b Z m)\ @ + 5’ 212 (T X7)

X = d*+b?, a<b.

Since I5(a,b,T) is symmetric in a and b, we can always take a to be the smaller of the two parameters

giving rapid convergence in the series since a’ /(a’ +b*) <1/2 and the other terms are O(1/ Jm ).

11 Na b (2/Nn)
ar br  abz arbiaE b

(2.8.4) I£(a,b,0) = J,(a,b,0,0) =

The power series for 1,(a,b,T) is

1,(a.b.7) = [ erf (aw)erf (bw)w

(2.8.5) 4abT’ 5 U, (@ ,b)T™  4T(aT)(bT) 5 U (a*T* b°T?)

T = 2%k+3 r ~ k43

where
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( l)k 2k

k
(2.8.6) U (a’,b )=; C(@)Cy, (07, @)=k

and
(2.8.7) I5(a,b,T) =

/) 2T(aT) & Ck(asz) 2T(bT) & C, (b°T?) 4T(aT)(bT) U, (a’T*,b’T?)
=T 2 2 2 :
atb+y/a’+b’ Jn & 2k+2 Jn S 2k+2 k=0 2k+3

A computational form for 7, (a,b,T) for aT and bT bounded away from zero (larger parameters) is

T ierfe(TNa® +b*)
(aT)(bT) Jr

(2.8.8) I5(a,b,T) = - ierfc(aT)ierfc(bT)}

From Chapter3, Folder 29, we also have

(2.8.9) I;(a,b,T) = j;o erfc(aw)erfc(bw)dw = {erfc(aT) ierfc(bT) — Y(a b T} ,

\/,
with
_asz o 2 k-1
2.8.10) Y,(a,b,T)= | LA+ B ok rpry, Y270 5 172y a<s
‘vb* S\ a’+b a3/2) '3/2)
For this computation we can always choose a < b since the integral is symmetric in a and b and a can be
chosen to be the smaller of the two parameters. This makes the convergence of Y, (a,b,T) rapid since

a’ /(a® +b*) <1/2 and the other factors are O(l/\/%) .

Other representations which resolve the indeterminant forms (2.8. 1) and (2.8.2) for a or b to zero are
eszrz
1,(a,b,T)=Terf(al)erf (bT)+——=cerf(al) - 2(——=
2.8.11) 2 bz \/;

—Re™“T erf(bT) +RTNa* +b*e ™" Z (=2) i"erfe(bT)(bT$)""
n=1

+R)e™“" % sinh(a’T? /2)

where
1 a a’T

(2.8.12) R=——. . bTg=—— 21
Nz b+Ja? +b° b++a* +b*

and, without loss of generality we take a <b. For I;(a,b,T) and a < b, we have
ierfc(bT)
b

I£(a,b,T) = erfe(aT) —Re™“T erfe(bT)
(2.8.13)

—RTe " a’ +b22( 2)"i"erfe(bT)(bT ¢)"™

The powers in the series are less than one if (aT) is less than (1 +2 ) with a < b and the series

converges rapidly since

1
i"erfc(bT) <i"erfc(0) = ——, n=>0
Je(dT) Je(0) 2"T(n/2+1)
For I,(a,b,T)and I (a,b,T), we get
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1

21,(a,b,T)=T-1,(a,b,T)———V,(a,b,T)———V,(b,a,T)
9 2 a\/7 b\/; 5
(2.8.14) \/72
a +b 2 2
Terf(T\a® +b*)— e Tl }
ab \/_ Jrd? +b2( )
—a’T? —-b’T?
21,(a,b,T) = T?erf (aT)erf (bT) + erf (OT)  Te " erf(al)
(2.8.15) N_ r
1 1 2,2 2
b,T Vob,a,T)———(1—e 7@+
a\/—s(a )b\/;f’(a)abﬂ'( e )
1
2.816) 2I5(a,b,T)=T-I;(a,b,T)+ I,(a,b,T)+ I.(b,a,T ierfc(TNa* +b*
o ( ) 2 ( )a\/—( )b\/ZS( )a\/— fe( )
and
a 272 212
205 (a,b,T) = ~Terfo(@T)erfe(bTy+ Lo oie®D)  Te?erfe@h | 1, (@b Ty ——
avn bn avm br
(2.8.17) i
1 eT@ —ierfe(aT)ierfc(bT) 1 1
- &£  _ + I,(a,b,T)+——=1,(b,a,T)
wir ab RN
The V; and I, functions are the V and I functions of Chapter3, Folder 5.
The corresponding expressions for /,(a,b,T) and I, (a,b,T) for a < b which remove the
indeterminancies for a to zero are
Te " erf(aT) 1
(2.8.18) 21,(a,b,T) =T erf (aT)erf (bT) + - V.(b,a,T)+U(a,b,T)
’ N N
U(a,b,T)=H, (a,b,T)+ H,(a,b,T)-W(a,b,T) , a<b
and
1
(2.8.19) 215 (a,b,T) = a<b
o ( ) "
where
1 e AT 1 a) 1
H (a,b,T)= Te " ———erf(al) |, H, (a,b,T) = n'|—|-—
(@b,T) a&{ T erf )} (@b,7) [azﬂ 4] abﬂ}
2272 . 222 . . 5 B
W(ab.T) = e 1erfc(bT)+ 1 I,(a,b,T) = 1| e 1erfc(bT)Jr ierfc(Tva”+b") G, (abT)
abyrt a\/_ avn b d
1/2
G,(a,b,T) = 1 Z( I ( j M/z(dsz), d*=a’ +b*.
and the representations which remove the 1ndeterm1nancies for a to zero are
2 o k 2k-1 2k-1
H (a,b,T) =L Z( D) (aT) Hy(@bT) = Z( D' (a/b) , 24
\/7k1(k DIQ2k+1) g (2k+1D) b
W(a,b,T) = @b)e™"! [—ierfc(bT)erTZ(—Z)“'ln i“erfc(bT)(bT¢)“Z}LGg(a,b,T)
JrJa® +b* (b ++/a>+b%) =
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Asymptotics for small and large T

For I;(a,b,T), (2.8.4) gives the case for T — 0. For /,(a,b,T), (2.8.1) gives

(2.8.20) L(a,b,T)~T - YL 0 @+ T e
ab \/_
For I;(a,b,T) we have
2.821) 15 (a,5,0) =——| Lian” [ﬁ]+ﬁtanl [2]_1 |
2abr| a b) b a

For /,(a,b,T) and T — o,
@822)  I(@bT)F | T ———tan” [éj‘%ml KEJ‘L . Tow

2 ar a) b'rw b) abr

follows from (2.8.15) with

V.(a,b,T)tl tan” (bj T—>o.

aJ_

Computer Subroutines

I,(a,b,T)orI¢(a,b,T): SUBROUTINE INTEGI2(...) with KODE=1 or KODE=2
I,(a,b,T)orI¢(a,b,T) : SUBROUTINE INTEGIY(...) with KODE=1 or KODE=2

References: Chapter 3, Folders 7, 9, and 29
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(2.9) Function I,,(a,b,T) and I;,(a,b,T)

Ly(a,b,T)= " erfawjerf(bw) . 1 [ erf(a/y/T)erfb/\'7)

w 2Jt T
I (a,b,T)= [ erfc(aw) erfc(bw) dw — 1t erfe(al J1)erfe(b/ /1) 0«
19 T w 2 :

a>0, b>0, T=1/4t,

Representations
a > a’ ‘
(2.9.1) 119 (a, b, T) = G(bT)erfc(aT) - m ; Ck (m] Gk+3/2 (X)
a b?
+ﬁln a2+b2 Is(a,b,T) aSb

a © Cl2 k
M 9 WZ (a2+b2] k+3/2(X)z —, X= Tz(a2+b2).
mva + k=1

where G(X) is the function of Chapter 3, Folder 16; Is(a,b,T) is the I function of Chapter 3, Folder 5,
Cr=(12)/k!, k2 0, and Gyi32(X) and Ej43/2(X) are the functions of Chapter 3, Folder18. The
convergence of the series is rapid since a*/(a’+b%) is at most .

The representation for a > b is obtained by exchanging a and b since I}, (a,b, T) is symmetric in a and b.
For 1,,(a,b,T) we get

(2.9.2) 1,,(a,b,T) = FaT) - [G(bT) —I%,(a,b, T)],.,, +[G(bT)~I5(a,b,T)], a<b

(2.9.3) 1,,(a,b,T) = F(bT) —[G@T) - I, (b,a, )], ,, +[G(aT) - 15, (b,a,T)], a>b

and the limit for T — 0 is computable from I¢, above:

(2.9.4) G(bT)—-I:,(a,b,T) = G(bT)— G(bT)erfe(aT) - R(a,b,T) = G(bT)erf (aT) - R(a,b,T)

where R is the regular part of I},

k
a b’
(2.9.5) R(a,b,T):ﬁl L Y }1 (a,b,T) - ; \/TZ C [ ZJ G32(X)
mva“ +
as<b
a = a’ !

+ X=T2a2+b2

27[\laz+b2 ; (a2+b2J m=1 ( )
1 1 1 a
ith Cy=(120/k!, G,,5,,(0)=———, E, . ,(00=———, I, (a,h,0)=—=tan" =
with Ci= (2K, G512 (0) (k+1/2) O =Gy 50 az b
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Then the difference is
(2.9.6) [ GObT)-1:,(a,b,T) ], = -R(a,b,0), a<bh

since from Chapter 3, Folder18,
(2.9.7) G(bT)erf (aT) = erf (aT)[ F(bT) —g— In(26T) | >0 as T—0.

For a>b we simply exchange a and b in the formulas since both I,, and I}, are symmetric in a and b.

Computer Subroutine

1,,(a,b,T)orI5,(a,b,T): SUBROUTINE INTEGI19(...) with KODE=1 or KODE=2

References: Chapter 3, Folders 5, 16, 18 and 19
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(2.10) Functions I (a,b,T) and I;(a,b,T)and Related Integrals

erf(aw)erf(bw)

I 6 (a9 b9 T) = I: W 2 _I \/— el‘f( \/—Jerf(%]du )
I;(a,b,T) = j: erfe(aw) e;rfc(bw) —j —erfc( ]erfc(%)du

w

a>0, b>0, T=-, t>0

Jt

Other Notations
The symbol I(a,b,T) is a common symbol for integrals and is used in Folder 6 where the development

occurs. We chose to define this integral for this part of the presentation as I, (a,b,T) to make it unique.

Representations

Symmetric Form
erf(aT)erf(bT) N aE, (a’T?)

N N
27| $ (@ Y B i B, ()
n |=\a®+b*) 2k+1 = \a’+b*) 2k+1 |

T =1/t, X= (bt = TAd*+b).

a

2.10.1) I,(a,b,T) = . - erf(bT)
JPEGT) erflal) + —— [a h{l”— “"z”’zJ +h h{‘”— “”Z*bz}] erfe(vX)

Non-symmetric form for a <b is

erf (bT)

(2.10.2) I,(a,b,T) = erf(aT) El(asz)

\/_ \/__ b+«/m

k
2abT S 1/2)k a’ Ein(X)
- E,(X)+ .
T 1( ) - kZ:;, (az +b2 k
0 2 E X
_ 2abT )3 P en(X) T =1/\t, X=(a+b))t=T(a*+b?)
T o \a +b 2k +1

Non-symmetric form for a > b
Since I (a,b,T)is symmetric in a and b, we exchange a and b above for the case a > b.

The symmetric form is computationally efficient for a and b relatively close together. When a and b are
widely separated, one of the series in a*/(a*+b?) or b*/(a*+b) can be slowly convergent. Therefore the
non-symmetric form was developed for overall computational use. In the non-symmetric forms, the

series in a” /(a® + b*)or b* /(a® + b*) are rapidly convergent since each ratio is at most %. The G
function is addressed in Chapter 3, Folders 6 and 16.

From Chapter 3, Folder 15, we havel,(a,b,T) in terms of the basic functions P and Q of Folder 11,
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erf(aT)erf(bT ) 2b

(2.10.3) I,(a,b,T) = - \/;P( @b )+~ Pb.aT)
(2.10.4) I,(a,b,T) = erf(aT){erfg)T ) TE (BT )}%P(a b, T)+—Q( b,T)
(2.10.5) P(a,b,T) + P°(a,b,T) = EE1 (@’T?)
(2.10.6) P(a,b,T) = %El (a’T?)erf(bT) + %Q(b, a,T)
(2.10.7) I (a,b,T) = €L @Derf OT) | \/1; [aE (a*T*)erf (bT)+ bE, (5T )erf (aT) |
+22[0(a,b.7) + 0(b,a, )]

(2.10.8) I$(a,b,T) = erfc(aT)TerfC(bT) ji P (a,b,T) - wa (b,a,T)
(2.10.9) I£(a,b,T) = erfc(aT){erfc(bT) —%EI(HTZ)}%P (ab T)+@Q( b,T)
1010 I(a,b,T) = erfeal ;Wf c(bT) —%[aEl (@*T?)erfe(bT) +bE,(b°T*Yerfe(aT) |

2ab

+—[Q(a b,T)+Q(b,a,T)]

Special Cases

210.11)  T,(a,b0) = | ¢ -
0 W T

» erf(aw)erf(bw) dw — 2 [ah{bJr\/az +b’ J+bln{a+\/a2 +b’ J]
b

Quadrature

In Chapter 3, Folder 3, a special quadrature procedure was developed. to overcome the slow
convergence of the tail of I(a,b,T). This involves using the approximation erf(x)=1 + O(10™'*)
for x > 6 .The procedure is as follows:

Let W,k = min(g,gj, W, = max(é gj, X = min(a,b), Tzl/\/;.
a b a b
Then,
Case I: T <W, = " erf(aw)frf(b ) dw+P(X,Wm,WM)+L
T w w,

Case 1I: W, <T<W,, I = P(X,T.W, )+
Case I1I: W, <T <o, I=1T=lt
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where L+P(X, LW,) = erf (XL) N erfc(XW,,) N X

WM L WM \/;
and the integral on 7' < W, is the quadrature part. For computation, the SLATEC library code
DGAUSS is a suitable, high accuracy quadrature code.

[E(X°D)-E(X°W)) ]

Computer Subroutines

I,(a,b,T) or I(a,b,T): SUBROUTINE INTEGI6(...) with KODE=1 or KODE=2
SUBROUTINE I6QUADX...)

References: Chapter 3, Folders 3, 6, 11, 15
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(2.11) Functions W,(a,b,T)and W, (a,b,T) and Related Integrals

o erf f
W, (a,b, T) = | erf(aw) l W) G

_ % [ erfia/r)erf(b/v/7)de

w

W;(,b,T) =’ erfc(awv)v‘;rfc(bw) dw =1 jo' erfc(a//7)erfe(b/+/t)dt

Lan=[7 CT%wv>1, san=[ T aw,v -1

a>0, b>0, T:L, t>0
Jt
Explicit Representations
erf(aT)erfT) 1
(2.11.1) W,(a,b,T) = T + \/;[all (a,b,T) + bl,(b,a,T)]
. erfc(al)erfe(bT) 1 . .
(2.11.2) Wy (a,b,T)= e - \/;[all (a,b,T) + bI{ (b,a,T)]
erf(aw) 1 aT P
2.11.3 J, (a,T dw = erf(al)+—=FE, , (a’T") |, v>1
(2.11.3) (aT)=] (V_DTV_I[ (al) + =L, (@' T)
. erfc(aw) aT .
2.11.4 J;(a,T erfc(aT)——E,,,(a°T") |, v#1
(2.11.4) (@T)= (v—l)T”[ (aT) == Eu >}
2.11.5) L@ =" erf(“w) aw=001) @ popy, v=2
N
2.11.6) J@n =" erfc(“w) dw=0e6T) _ a4 pop2y v=2
NP
Q2.11.7) J,(a,T)= erf(“T ) | Ferfc(aT) v=3
. erfc(al) a. 2i*erfc(aT) B
(2.11.8) J;(a,T) = Y — ?1erfc(aT) = — v=3
Functional Relations
(2°11'9) VV;(CI,[),T) - VV}(aaboT) = 2]1,2 - J3(aaT) - J3(baT) = J;((,Z,T)— J3(b:T)
(2.11.10) Jy(a,T) +JS(a,T)= 12
2T

@2.11.11) J(a,T) +J5(a,T) = 1 v>1.

(v-n1*!

Computer Subroutines

W, (a,b,T) or W; (a,b,T) : SUBROUTINE INTEGW3(...) with KODE=1 or KODE=2

References Chapter 3, Folder 10
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(2.12) Functions I,(a,b,c,T) and I;(a,b,c,T) = J,(a,b,c, T)

—c2/u

I,(a,b,c,T) = I : e’“zwzerf(aw) erf(bw)dw = %I; eu o erf [ \/_]erf (Tjdu ,

7c 2/
I;(a,b,c, T) = J,(a,b,c,T) = .[T erfc(aw) erfc(bw)dw = —I —erfc (%] erfc( b jdu

7
a>0, b>0, c>0, T=L, t>0
Jt
Series Representations
(2.12.1) I,(a,b,c,T) = 2£:erfc(cT) -1(c,a,T)-1,(c,b,T)+ J;(a,b,c,T)
2.12.2) Jy(@b,e.T) =] ;’ e erfe(aw) erfe(bw)dw

CASEI(a,c<b) (c<a<b or asc<b)

(2.12.3)J,(a,b,c,T) = erfe(aT)I (c,b,T) - 24 j T°° e I,(c,b,w)dw = erfc(aT)l(c,b,T) - S(a,b,c,T)
TC

Ca [Vrefm) & 1/2), (Y
Sabe D=0 4 Z k+ DIl d* j F )
(X)d & (312, - (@® 1 X2)" () X2
2Xx° mz;) (m+1)! Emin (X )Z( j 2k +1
d*(b,c) = b*+%, X = d*+b* y= A /(X+d), P,(y)=1

Piy) = F(-k, 1, k+2, y), k> 1 a,c<b.

Here F(-k, 1, k+2, y) is the Gauss hypergeometric function, which for this application, can be computed
with the series

(@),,(b),,
2.12.4 F(a,b,c,z "
( ) ( )= mz(:) ().
With the first parameter a negative integer(-k), this F function is a polynomial of degree k since
(=k),, = (=k)(=k +1)...(~k + m —1) is zero for m=k+1 and higher indices. I is the I function of Chapter
3, Folder5.

, (@)=L, (a), =(a)a+])..(a+m-1), m=1

An alternate formulation of this case is presented in Chapter 3, Folder 28 where S(a,b,c,T) is computed
by the series

(2.12.5) S(a,b,c,T)zzfaJ.w e I(c,b, w)dw——z C, (dzj R (a,d,T),
T md

where
R(a,d,T)=[" ¢ E, y,(d*w)dw, k>0,

d>=b>+¢* Ce= (1/2)W/k!.
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Here R, (a,d,T) is expanded in the form
k+1
R(a,d,T)=~n> Ak +1,m)Y,,  (a,d,T)
m=1
where Y, (a,d,T) is computed by backward recurrence on the two term relation

2
a

d —a’T? .n-1
L :m[ZnYn +a_2€ " erfc(dT)}

starting at some large odd index N. The details of computation as well as the coefficients A(k+1,m) are
given in Chapter 3, Folder 28. Another more desirable form for S is presented in Chapter 3, Folder 29:

k-1
(2.12.6) S(a,b,c,T)= [(k-1Y,, (Na*+c,b,T)], a,c<b

Jr \/b2 +c? Z ( ¢’ J
where sequences of the integral
Y. (a,b,T) =j < inerfe(bw)dw,  a>0, b>0, n>-1

are computed by a series in conjunction with the recurrence above in subroutine INTEGI29.

CASEll(a<b<c)

(2.12.7) Ji(a,b,c,T) = gerfc(aT) erfc(bT)erfe(cT) —EJ3 (b,c,a,T) —éJ3 (a,c,b,T)
c c c

Notice that c is larger than @ and b. This is precisely the criteria to compute J3(b,c,a,T) and J3(a,c,b,T)
by Case I. This relation is analogous to

(2.12.8) I.(a,b,T)= gerfc(aT) erfc(bT) —215 (b,a,T)
a a
in Chapter 3, Folder 5 when a > b.
Power Series for small aT, bT, cT
(2.12.9) I,(a,b,c,T) = 1,(a,b,c,0) - jOT e erf(aw) erf(bw)dw

And using the power series for each erf function, we get

Case I, ac<b

(2.12.10) L (a,b,c,0) = ——tan™ £ — S(a,b,c,0)
C

1
cVn

2 (1/2), (Y
S(a,b,c,0) = \/_ X+d§(; (kﬂ)![dz] B(»)

where &* = b*+c%, X* = a*+b*+c, y = a*/(X+d)*, Po(y) = 1, Pi(y) = F(-k, 1, k+2,y), k> 1 for a, ¢ < b and
a =min(a,b), b = max(a,b). In Case II, c takes the place of b as the dommant parameter.
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Case 11, a<b<c

(2.12.11) L(a,b,e,0) = 2 S(b,c,0.0)+ 2S(a,¢,5,0)
C C
Now the power series for the integral is
r b 4abT3 0 T2k
2.12.12 " erff erf(bw)dw =
(2.12.12) [, e erflaw)erf(bw)dw = X 23
k
V,T* =Y D, (T, (a’T*,b°T?), U, (asz,b2T2)=z C,(a’T*)C,_, (b°T?)
n=0 m=0
k 2k k 2k
Ck(xz)—L, D, (x )_L
K2k +1) k!

Series Expansion for Large ¢

(2.12.13)

[7 e erflaw)erflbw)dw == 2“?
r c

((32 T2 r(k+3/2)z k (az/cz)m.(bz/cz)k—’"
K+l rk+1H ,= \m) 2m+1 2(k-m)+1

where
(2.12.14) Yi(x) =T (k+1/2, x)/T'(k+1/2).
Then
e—xxk+1/2
(2.12.15) Yo=Y, +———-—=Y,+T,, k=0,1,...
['(k+3/2)
where T, =T, — % with, =2 and Y, = erfe(v/x)

k+3/2) T (/2

Because of the way in which the terms interact, the condition

2 . 1 for c¢’T* <5
a + .
—<— with p=

(2.12.16)
c 2p

’T? -4  for  ’T?>5
was determined experimentally to give accurate results. Notice also that the binomial coefficients can be

generated very rapidly and efficiently by additions using the Pascal triangle relation
Biim = Br, wtBim1, m= 1k

Quadrature for I,(a,b,c,T)

For the quadrature, we follow the procedure of Chapter 3, Folder 3 by replacing the erf functions with 1
when the arguments exceed 6. As noted, the error is uniformly O(10™") for erf(x) = 1 when x > 6. Then,
we have the same cases as in Folder 3:

Let W = min(é,g), w, = max(é,éj, X=min(a,b), and T =
ab ab

L
i
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Case I: 1/\/_:T£Wm
(2.12.17) L(a,b,c,T) = j TW e erflaw) erf(bw)dw+ J, (¢, X, W, ) + 1, (c, X, W,, )

Case II: W,<T< Wy
(2.12.18) I, (a,b,c,T)=J(c,X,T)+ I,(c,X,W,,)
Case I1I: Wy<T<o

(2.12.19) I,(a,b,c,T) = %erfc(cT)
c

where J;(a,b,x)and [ (a,b,x) are the I functions of Chapter3, Folder5.

Special Cases

c=0 (Chapter 3, Folder 9 for j OT erf(aw) erf(bw)dw )
(2.12.20) J;(a,b,0,T) = J.: erfc(aw) erfc(bw)dw
: -a’T? 2 2
_ erfc(aT )ierfe(bT) Le erfc(bT) ~a” +b erfc(Tm)
b ar ab\r
a=0 and c=0
(2.12.21) J(0.6,0,1)= [ erfe(bw)dw = lerfe(bT)
¢=0 and T=0
(2.12.22) J3(a,5,0,0) = | " erfo(aw)erfo(bw)dw = — 2 V)
0 a+b++a’+b’
a=0, c=0, T=0
| :
(2.12.23) J;(0,0,0,0) = since ierfc(0) =1/ Jr
b

Inequalities

We derived the relation

Jn
2

(2.12.24) W= erfc(al’)erfc(bT)erfe(cT) = aJ,(b,c,a,T)+bJ,(a,c,b,T)+cJ,(a,b,c,T)

Following the derivation in the APPENDIX of Chapter 3, Folder 5, divide both sides by a+b+c and we
get a convex linear combination of the J3’s. Then
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(2.12.25) min[J3(b,c,a,T), J5(a,c,b,T), J3(a,b,c,T)] < # < max[Ji(b,c,a,T), J3(a,c,b,T), J3(a,b,c,T)]
a+b+c

Also, if we divide by va” +b> +¢> we have the dot product of two vectors on the right, one of which
has length 1. By the Cauchy Inequality, we get

w

Na® +b* +¢?

2
(2.12.26) [ ] <J:(b,c,a,T)+J;(a,c,b,T)+J;(a,b,c,T)

. . . w .
Notice that if ¢ = b = a, then the max and min are the same and J3(a,a,a,7) = — = gerfc%aT ) as it
a

—azwz

should be: J.: e erfc’ (aw)dw = gerf@(aT ) since — 2 dw is the differential of erfc(aw).
a

Jr

Numerical Considerations

In Chapter 3, Folder 7f, leading terms of each expression are combined to reduce losses of significance
by small differences of large numbers. These are implemented in the computer subroutine INTEGI3.

Computer Subroutine

1,(a,b,c,T) or I{(a,b,c,T) : SUBROUTINE INTEGI3(...) with KODE=1 or KODE=2

References: Chapter 3, Folder 7, Folder 28, Folder 29
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(2.13) Functions I,(a,b,c,T),I;(a,b,c,T),J,(a,b,c, T)and J;(a,b,c, T)

—c“/u
I,(a,b,c,T)= IT wle " erf(aw)erf(bw)dw = %L: ¢ erf ij erf [Ljdu ,

IS (a,b,e,T) = j °T° we ™ erfe(aw)erfe(bw)dw = % j Ot —erfe

® —c?w? 1 ¢t (Y
J4 (aa ba c, T) = IT w e erf(aw)erf(bw)dw = EIO

—c/u
Ji(a,b,c,T) = .[T w e‘“zwzerfc(aw)erfc(bw)dw = % I Ot € erfe (ij erfc Lj du

a>0, b=>0, c>0,T=L, t>0

Jt

Series Representations
For I,(a,b,c,T) and I,(a,b,c,T)we have

T€762T2 erf(aT) erf(bT) N 1 ae*(a2+cz)T2 erf(bT) . bef(bZJrcz)Tz erf(aT)
2¢° 2¢3\n (a’ +c?) (b +c?)
1 1 fo(TX 1
+26211z/_{ 2 2+b2 z}erc)(( )+2 213(a,b,C,T)
A la® +c +c c
T —(@’+cHT? —(BP T2
2.132) I (ab.c.T) < TEeelaD)erfe®T) 1 {ae erfe(bT) _ be erfc(aT)}

(2.13.1) I,(a,b,c,T)=

2¢ 2\n (@ +c) (b +c%)
N ab { 1 N 1 } erfc(7X) N 1
202\/; at+c* b+t X 2¢°
where X* = a*+b*+¢* and [ ;(a,b,c,T)and I3 (a,b,c,T)are the functions of (2.12) and Chapter 3,
Folder 7. For b — « and b=0,

lg(a’bacaT)

" L, i ~(a*+cH1?
(2.13.3) I,(a,»,c,T)= IT wre " erf (aw)dw = %{Tec "erf(aT)+ = jcz c N +J; (c,a,T)}
c « 2 —ctw? 1 212 a 67(02 w )T2
2.13.4) I,(a,0,c,T) = IT woe " erfc(aw)dw = 5 Te " erfc(al)— P +1(c,a,T)

where the J; and /I functions are the functions of (2.3) which are computed in Chapter 3, FolderS5.
Using the symmetry in a and b we can relate these functions by

(2.13.5)  I,(a,b,c,T)= j ; wre " dw—1I¢(a,0,¢,T) = I(0,b,¢,T) + I (a,b,c,T)

2.13.6) [I,(a,b,c,T)= .[: wre ™ dw— I,(a,o,c,T)—1,(0,b,c,T)+1,(a,b,c,T)
where

© 2.2 1 272 T

2 —c*w —c°T

we dw=——Te +—oerfc(cT) |.
IT 202 2c feleT)
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For J,(a,b,c,T) and J,(a,b,c,T)we have

—*7?

5 erf(aT)erf(bT)+2;[bJ5(\/b2+cz,a,T)+aJ5(\/a2+cz,b,T)]
i [bl(\/b2+c ,a,T)+al;(Na’ +¢c* bT)J

(2.13.7) J,(a,b,c,T) =

(2.13.8) J, (a,b,c,T) = ———erfc(al )erfc(bT) -

\/—
where Js(a,b,T) and Is(a,b,T) are the functions of (2.3) and Chapter 3, Folder 5. For 5 — o and b=0,

erfe(T\a® +c )}
————erfe(TVa® +c )}

(2.13.9) J,(a,0,¢,T) = 2L

: T
c { Tefta HW
1 2.2
—c’T T
¢* {e et \/ﬁ

and again using the symmetry in a and b we have the relations

(2.13.11) J,(a,b,c,T) = ﬁeﬂz“ ~J(a,0,¢,T) = J(0,b,¢,T)+ J< (a,b,c,T)

(2.13.10) J;(a,0,c,T) =

(2.13.12) J(a,b,c,T) = ie-‘”z —J,(a,0,¢,T)—J,(0,b,c,T)+ J,(a,b,c,T) .

Quadrature for I,(a,b,c,T)

The outline for this procedure is set in Chapter 3, Folder3 where we replace erf(x) function with 1 when
x > 6 according to the estimate erf(x)=1 + O(107'°) and integrate analytically to estimate the tail when ¢
is small. Then the procedure is:

Let W = mln(é éj , w, = max(é,éj X =min(a,b), T= 1

a b a b Jt
Case I: Tr<w,
(2.13.13) 1,(a,b,c,T)= J‘TWm wre ™ erf(aw) erf(bw)dw + P(c, X, W ,W,,)

Case II: W,<T< Wy
(2.13.14) 1i(a,b,c,T) = P(c,X, T, Wy)

Case III: Wy<T<o

(2.13.15) 1,(a,b,c,T) = Lz Te™ + ﬂerfc(cT)
2c 2c

where

(2.13.16) P(c,X,L,U) = ! {Le“’ P erf(XL)+ Ue ™V erfc(XU)+£erfc(cL)
c

(X /A7)
+ 2 2
X" +c
and /s is the integral / in Folder 5.

[ef(XZHZ)LZ _ e,()(ercz)U2 ]_ []5 (c,X,L)- ]5 (c, X, U)]}
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Quadrature for J, (a,b,c,T)
The outline for this procedure is set in Chapter 3, Folder 3 where we replace erf(x) function with 1 when
x > 6 according to the estimate erf(x)=1 + O(107'°) . Then the procedure is:

Let W, =min E,é , W, =max é,é X =min(a,b), T =i
ab ab \/;

Then,

Casel, r<w,

@I317)  J@beT)=[" we ™ erflaw)erfw)dw + S(e, X, ,,) + ieW
Casell,  Wy<T<Wy

@.13.18)  J,(ab,e.T) = S(c, X,T,W,) + %eczwff

Case I1I, Wu<T<oo

(2.13.19) J,(a,b,c,T) = z%e-”z
C

where

L emi g S(e, X,L,W,)= i[e%w erf (XL) +e " erfe(XW, )]

2¢
+ ﬁ[erfc@\/cz + X?) —erfeW,,Nc* + X? )J

(2.13.20)

Computer Subroutines

I,(a,b,c,T): SUBROUTINE I4QUADX...)
SUBROUTINE I4SER(...)

J,(a,b,c,T) : SUBROUTINE J4QUADX...)
SUBROUTINE J4SER(...)

References: Chapter 3, Folder 8
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(2.14) Functions I,,(a,b,c,T) and I;,(a,b,c,T)

oy erfawerfow) | 1 I e erf(a/~/u)erf(b//u) 4
2

I,(ab,e,T)=[" e = 7 u,
u
I, (a,b,¢,T) = j: o’ erfc(aw)ezrfc(bw) dw — % J~ ol erfc(a/\/a\;srfc(b/\/a) du
w u
a>0, b>0, T= i t>0
Jt

Series Representation

I,(a,b,T) e r N

(2.14.1) 1,,(a,b,c,T) = =

{1 (abcT)+—P(x/a +? b= P(\/b2 aT) -2 i N2 TP pienfaitb? T)}

aby/m
_2|: I13(\/31 +c? bT)+ I13(Vb2 a,T)- - \/Ez I;(ca’+b’ T):l
ab

where from Chapter3, Folder 9

_a*T1? —hT? [ 2 2
(2.142) 1,(a,b,T) = T erf(aT) erf(bT) + *——erf(bT) + —— erf(aT) - Y90 cenrfa® +57),
a\/; b\/; ab \/_

L3(a,b,T) is computed in Chapter 3, Folder 13, P(a,b,T) is computed in Chapter 3, Folder 11, and
I(a,b,c,T) is computed in Chapter 3, Folder 7. Similarly for I;,(a,b,c,T),

Ic b T _(,2T2
(2-14.3) 1164 (a’b’ C,T) — _ 2 (aa ) ) e n

T2
’ 4 2
¢’ {—Ig a’+c’ b, b*+c? ,a, a\/E P¢(c,\/a*+b’ T)}
ab

+2{ 1103 (Va?+c? bT)+ ¢ (Vb +c? ,a,T)- va f (c.Va’+b’ T)]
ab

where from Chapter 3, Folder 9

(2.14.4) I;(a,b,w) = -werfc(aw)erfc(bw) 48 " \/_ erfc(bw) + bl:/; erfc(aw)- :;\}22 erfc(wr/a’ +b”)
o T)T(bT) {ierfC(T \/_“"‘ ) erfe@Tyierfe(bT)
a n

and the other complementary functions are treated in the Folders cited above for /,,(a,b,c,T).
Using the relation erfc(x)=1-erf(x) we also have

(2.14.5) I/, (a,b,c,T) = gierfc(cT) —1,(c,a,T)-1,(c,b,T)+1,,(a,b,c,T)
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(2.14.6) l,(a,b,c,T)= gierfc(cT) - I (c,a,T)- I (c,b,T)+ I}, (a,b,c,T)

where [,(c,a,T), 1,(c,b,T), I (c,a,T) and I{ (c,b,T) are computed in Chapter 3, Folder10 and
displayed in Section (2.6).

Computer Subroutines

I,,(a,b,c,T)or I,(a,b,c,T): SUBROUTINE INTEGI14(...) with KODE=1 or KODE=2

References Chapter 3, Folders14 and 10
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(2.15) Functions U(a,b,t), V(a,b,t), I,,(a,b,c,t), I3, (a,b,c,t), J,,(a,b,¢c,t),G (a,b,T)

U(a,b, t) = e* " erfe(av/t + b/+/t)

t t
V(a,b,t) = jﬂ U(a,b,7)dt, 1, (a,b,c,t)= jo U(a,b, t)erf(c/ v/1)dt

-
IS, (a,b,c,t) = jot U(a,b, Jerfe(c/vT)dr  J,,(a,b,c,t) = jot U@b,me " 4

a>0, b>0, c>0, t>0

e i"erfc(bw)

n

G,@b ="

32
T

dw, a>0, b>0, T>0, n=>0

Representations

(2.15.1) V(a,bJ):%\/;e—hzn_(aLer%j orfi (\/;] Ua(zt)

Vi) =2 7l 2] I{U(abt) o ﬁﬂ

2.15.2) 1, (a,b,c,1) = V(©)erfic /) +i{ 2

\/EGTC

1 2b 2t
EI(X)—2(a—2 }1( b, T)+ a\/_S(a b, ,)}
i

(2.15.3) I, (a,b,c,t) = V(t)erfo(c/\t) — J‘{ \/_E(X) 2(1 2b]1( b, T)+ \/_S( a,b, ,)}
a

where X = (b*+c?)/t, Is is the I function of Folder 5 and S\(a,b,c,f) in computational form suitable for a

quadrature is

—2Bw-w?

(2.15.4) Si(ab,e.y=e [ 5 dw, B=avt+b/At.

For J,;, we get

(2.15.5) J,(a,b,c,t) =

¢+ (b+wit)?

Wt
NS (ab.e.).
\/— (a )

A series for large parameter L (L > 2) is

(2.15.6) S\(a,b,c,t) =

X =0+t  B=at+b/At,

- i k(X) [e” (k+3)/2(32)]’

2tB 1=
B a\/;

lL=—  x=

Natt+ct it Nalt+ct/t
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and Ui(x), k=0, are Chebyshev polynomials of the second kind which can be generated by forward
recurrence on their three-term recurrence relation.

The expressions for V(¢), [>; and 5, above contain reciprocal powers of a, but the integrals are analytic

functions of a. Therefore, to avoid losses of significance by small differences of large numbers when a
is small, we develop the power series in the parameter a. The results are:

(2.15.7) U(t) = e 2 erfc(ant +b/t) = Z i erfc( ]( —2ant)"

7

(2.15.8) V(t) = 4t21 erfc

5 el oo

(2.15.9) L(a,b,c,t) =V (1) erf( ¢ +4C—*/;e-xz (—2at)"2y, , 0<avr<1
n=2

o

‘XZ (~2a1)"?y,

(2.15.10) 15, (a,b,c,t) =V (t) erfc(

j;} eVt

-X o
(2.15.11) J, (a,b,c,t) = TZ (—2a1)"y, X= b+,
t n=0
where
@15.12) 3, =2T""e*G,(e.hT)., . G,(ebT)=[ & Perfobw) 4, oL
T w \/;

An extensive stability analysis on the 3-term recurrence for y, shows that the recurrence must be started
with two (quadrature) values near the index [2X].

Recurrence for y, =2T""'e¢*G, (c,b,T)
v, 1s scaled to avoid extremes in values from exponentials:

(2.15.13) y, =2T""'e*G (¢,b,T), X=(0b>+c*)/t=(0b"+c)T’

(2.15.14) n(n+1)y,., +2n(bT)y, + Xy, =" i" erfe(hT)
(2.15.15) _2e | © e erfo(bw) = 27, (e.b.T), X= 4 T=—
. . yo T T T 5 s Uy s s \/; s

1

ﬁ[e XE1 Xl
Here Is(c,b,T) is the I function of Folder 5. A stability analysis indcates that the recurrence must be
carried out by recurring away from the index N=[2X] to keep homogeneous solutions of the difference
equation from amplifying rounding errors.

(2.15.16) y, =—bTy, +
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Special Cases

c=0

(2°15'17) IZl(aabaovt) = 09 1261 (a,b,o, t) = V(t)
a =0 for 15;(0,b,c,t) Using erf(x)=1-erfc(x), we have

erfc(bT) 2b
T’
We chose this form because the computational results are much better than the results in terms of

J, and ;. Then, using the formula for IV, from Chapter 3, Folder 10

erf(cT)erfe(bT) 2b
TZ

Combining the iterated coerror functions using the formula from Folder 10,

(2.15.18) 1,,(0,b,c,t) = 2J< (b, T) = 2W; (b,c,T) = Zierfe(bT) - 2W¢ (b,c,T).

L,(0,b,c,t) = —ierfe(bT) +—= [b];(b,c,T)uf(c,b,T)]
7[

C
—_E,(X)+2bcl.(c,b,T),
\/; 1 5

improves the computation somewhat by minimizing losses of significance

17 (b,c,T)= gerfc(cT)ierfc(bT) —

(2.15.19) IZI(O,b,c,t)=%izerfc(bT)erf(cT)+ 2e)_b

24

E (X)+2b*I,(c,b,T)+ I (c,b, T)}

The series for 0 < a+/t <1 with a=0 gives

(2.15.20) L,(0,b,c,t) = 4ti* erfc [%J erf [ j;] 4\"/{ ey, (c,b,T), T=1Ht.
w

a=0for 75,(0,b,c,t)

For 15,(0,b,c,t), we have

(2.15.21) 15,(0,b,c,t) —J.t erfc[ b jerfc( jdr—2W (b,c,T), T =1/t
. . 21 sUs Ly 0 \/; \/;

where W, is computed in Chapter 3, Folder 10b. From above, we also have

-X
(2.15.22) 15,(0,b,c,1) = 4ti> erfc(%} erfc(%J - % y,(e,b,T), T=1A.
T

a =0 for J51(0,b,c,t)

/ b e—cz/t 1
(2.15.23) J,,(0,b,c,t) = IO erfc[ﬁJTdr, =
0 2 2 1
=21 e " erfe(bw)dw=2I1,(c,b,T), T=—7.
J.T 3 Jt
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a=0, c=0 for J,(0,b,0,7)

(2.1524)  J,,(0,6,0,6)=21,(0,5,7) = 2[ " erfo(bw)dw = %i erfe(hT)

a=0,b=0 for 15,(0,0,c,t)

(2.15.25) 1,,(0,0,c,t) = .[; erf(ijdt (see case for a =0)

Jt

= erf(czT) +£i erfe(cT)
T T

a =0 for §1(0,b,c,f) (see also case for a = 0 for J,1(0,b,c,t))

Jr 1

(2.15.26) S (0,b,c,t)=——1.(c,b,T), T=—.

1 N i
a=0,b=0 for S;(0,0,c,)
From above,

\/; \/; © 202 i 1
2.15.27 S.(0,0,¢,t)=—1.(c,0,T)=,|— e dw =—Terfc(cT), T=—
(2.15.27) 100.e.0) =21 ( =\ ), o, Terfo(eT) 7

b=0 for 1,,(a,0,c,1)
e, i ol
x/;J «/;Z:(; F(g+2) %(t)

(2.15.28) L,(a,0,c,t)=V(a,0,1) erf(

Notice also that

V(a,0,0)=21,(a\t)/a> ,a=0

@.1529) [ (x)= (" erfe(x)-1)/2+x/7 = xzi ) A x—zii

LG+ Dm+2) 2 e rc+2)

where I,, and related functions are found in Folder 23.

Computer Subroutines

V(a,b,t): DOUBLE PRECISION FUNCTION DVOFTY(...)
1,,(a,b,c,t)or IS, (a,b,c,t) : SUBROUTINE INTEGI21(...) with KODE=1 or KODE=2

J5, (a,b,¢,t) : SUBROUTINE INTEGJ21(...)
S,(a,b,c,t) : SUBROUTINE INTEGSI(...)
y, =2T"'e*G,(c,b,T): SUBROUTINE GNSEQ(...)

References: Chapter 3, Folder 21
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(2.16) Functions I,,(a,b,c,t) and J,,(a,b,c,t)

-c /1,'

N

T - ]! Uabonre e

I,@b,¢,0)= [ Ua,b,1)"—

U(a,b, t) = e* " erfe(a/t +b/Vt)
a>0, b20, c20, t>0

Representations
(2.16.1) 1,,(a,b,c,t)=—=E (X)— \/_ —==5,(a,b,c,t)
af ar
(2.16.2) Jy,(a,b,c,t)=——E,(X)- ( ! jE (N += *F e ¥ [e” erfe(B)]
o SR af f

262\/_ Ji

——=S,(a,b,c,t) + ——=3S,(a,b,c,t)
N N
where Si(a,b,c,t) was defined in Chapter 3, Folder 21,
© e—ZBw—W2 \/_ \/_

(2.16.3) S (a,b,c,t)y=e* dw, B=at+b/\t

1 '[0 02—1-(b—i-w\/;)2

X =™+t
and
—2Bw-w?

(2.16.4) S,(a.bey=e*[" (b+wt) 4

0 2+ (b+wr)?
We also have for L = B/Na’t+c*/t>2,

e & k (x)

(2.16.5) S,(a,b,c,t) = iy > P E sy (BH], B=avi+b/t
=0
X = (b*+A)it
e T, (x) 2 2 a\/;
(2.16.6) S,(a,b,c,1) = ¥ E ., (B, O L
Vi = e Nalt+ct i/t

where T)(x) and Ui(x) are Chebyshev polynomials of the first and second kinds. Both polynomials can
be generated by forward recurrence on their three-term recurrence relations. While each series
converges for L > 1, we apply the series for L > 2 to obtain rapid convergence in a numerical evaluation.
If L > 2 is not satisfied, then S,(a,b,c,t) and S, (a,b,c,t) are computed by quadrature according to the

procedure in the APPENDIX of Chapter 3, Folder 21.
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The forms developed above have numerical problems for small a because of small differences of large
numbers (an indeterminant form for @ — 0). Therefore we develop the power series for small a,

(at <),

(2.16.7) I, (a,b,c,t)=2e™* {bi y, (<2at)" +At i (n+2)y,.,(~2at )"}

n=0

(2.16.8) Jy,(a,b,c,t) =4te™ {bz i v, ., (=2a1)" + bt i (2n+5)y,.,(-2at)"

+ zi (n+2)(n+4)y, (-2at )"}

where
2 1"erfc(bw) J

W, T=1/4t,

(2.16.9) y. =2T""e*G (c,b,t) =2T" " j; e

n

w
is computed in (2.15) or Chapter 3, Folder 21.
Special Cases

a =0 for

‘ b e—c2 /T
(2.16.10) Do(0,b,¢,0) = erfc[—]—dr
22 J.O \/; \/;

= %Em(csz)—le (¢,b,T)

where T =1/+/t and 1, 1s computed in Folder 10a. We also have

(2.16.11) 1,,(0,b,¢,t) = 24te™ "erfe(c /1) - 2—bEl (X)—4c*I.(c,b,T)

Jz

where s is the I function of Folder 5. Notice also that the series for small a at a = 0 gives

(2.16.12) 1,,(0,b,c,t) =2e " [by,(c,b,T) + 2\/;y2 (c,b,T)]

a =0 for
_ ! b -/t
J0(0,b,c,t) = j-o erfc(ﬁ}/?e drt,
e Terfe(bT) b 26
2.16.13 J,,(0,b,c,t) =2 - E(X)——1I(c,b,T
(21613)  J,(0,b,c0) [ e B0l eh D)

where / is defined and computed in Chapter 3, Folder 10b(also = I} of (2.6)),
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(2.16.14)  I(c,b,T)= gierfc(cT) —1,(c,b,T)

in terms of /, of Folder 10a,

T erf(bT) b

(2.16.15) 1,(c,b,T) = +——E,(X) -7 exfe(cT) +2¢* I, (c,b,T)
T Jr
where /s is the [ function of Chapter 3, Folder 5. Also,
2 2 b 2bc®
(2.16.16)  J,,(0,b,c,t) == |t (t—2¢*)e ™ " erfe(bT) ————=E, (X) + —— E,(X)
22 3 TZ\/; 2 \/; 1
+4c¢*I,(c,b,T) } X=0+At, T= 1
Jt
We also have from the small a expression for a = 0,
(2.16.17) J 1, (0,b,¢,0) = dte X [b2y, (c,b,T) + 56ty (c,b,T) + 81y, (¢, b, T)]
a=0, b=0 for
(2.16.18) 1(0,0,¢,6) = j e
. . 22\Y,Y,C,0) — ’
NG
= 2/t ierfe(cT), r=L
Jt
a=0, b=0 for
(2.16.19) Jn(0.0.c.0= | O Jte < "ar,
1
3/2 2
= ?Esp(*T), T=—.
Vi
a=0, ¢=0 for
¢ erfe(b/N7)
(2.16.20) L0600 = ——"2dr
.[0 \/;
_ 26rfc(bT)_£El(b2T2)’ T=L
T N Vi
b=0 for 1, (a,0,c,t)
0 _ n 2
(2.16.21) L,(a,0,¢,0) =ty oty g )

n —_ -
=0 T(=+1) 2
(‘2 )
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Relationship Between 1,,(a,b,0,t) and J,,(a,b,0,t)

2 2
(2.16.22)  1,,(a,b,0,t)=2U(a,b,t)Nt + %Ez (ij - %El [bTJ —24a*J,,(a,b,0,1).

Asymptotic Expansion For I,,(a,0,c,t) For Large a
e (=D 1/2),

2
2 C
(2.16.23) 1,(a,0,c,t) 7 [ ' T(k, )]+ G
2 a\/; k=0 (ac)zk t :
1/2 2
where Gy|< _ WD oy
a /ﬂ_(aZCZ)NH t

and for k=0 and k=1 we have

—w

e

o,x)= T dw = T?dv =E((x), TI(x)= Tewdw =e .
X 1 X

w

Forward recurrence on

[e'T(k +1,x)] = k[e'T(k,x)] + x*, k=12.. x=c"/t
is numerically stable.

Computer Subroutines

1,,(a,b,c,t): SUBROUTINE INTEGI22(...)
J,,(a,b,c,t): SUBROUTINE INTEGJ22(...)
S,(a,b,c,t): SUBROUTINE INTEGS2(...)

References: Chapter 3, Folder 10, Folder 22
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(2.17) Function I,,(a,b,c,t), I5,(a,b,c,t) and Related Integrals

1,,(a,b,c,t) = ,[(: tU(t)erf [%) dr, I3(a,b,c,t)= Iot tU(7) erfc(%} dr

J24(a,b,t):.[0t wWdr  V,,(ab,t) = jﬂ‘ V(r)dr

where
U(t) = e ™ erfe(a/t + b//t)
Vo= Umadr :Eﬁ et L4 e 2] U0
0 a\m a a \/; a
a>0, b>0, c>0, >0
Representations

For 1,,(ab,c,t) we have

c

2.17.1) L,(a,b,c,t) = tV(t)erf( ﬁ}%% ~[T,-T,-T,]

where V(#) is computed in Folder 21 and

T (a,b,c,) = —2— E, (X) —2(1+%j]f(c,b,T)+i2122(a,b,c,t)
a a a

alr

-b’T?
T(ab,e,t) = 4 {e erf(cT)+ c

361\/; T’ sz/;

E,(X)-2b1,(b,c, T)}

1 2b

T,(a,b,c,t) = 2(—2+ L2
a

j[J3(C,T)—W3(b,C,T)] = 2(—24-—)[]30(b,T)—W;(b,C,T)]
a a

a

T;(a,b,c,t) :%121(a,b,c,t), T:L X =’ +c2)T2
a

\/; s
with 7, , J;,J5 ,W,,W; and I,, computed in Folders 10 and 22 of Chapter 3.
For I5,(a,b,c,t) we have

c

7

(2.17.2) I5,(aybycyt) = tV(t)erfc( j—LT; ST =TS + T

e

where

e 4 {e‘ﬁz erfc(cT) ¢

' 3adn T Jr

E,(X)-2b"I (b,c, T)}
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TS = 2(% 2b jW”(b ¢,T)
a

Tf = izfgl (a,b,c,1), r=L X=0+AT*
a

e

with I} , J,,J5,W,, W and I;, computed in Folders 10 and 22 of Chapter 3.

For J,,(a,b,t) we have

(2.17.3) J24(a,b,t)=_|.0t rU(z')drzlim124(a,b,c,t)=tV(t)—J.0t V(r)dr
and

(1 2 s 4 (1 26,
(2.17.4) J24(a,b,t) = (t—a—zjV(t)—mEs/z(b T ) +F£a—2+7jl erfc(bT)

Jyu(a,b,t) = (t —sz
a

It follows that

4
2 erfe(bT
Tl (0T)

(2.175)  V,(a,b,t)= j Ot V(r)dr = aizV(a,b, t)+LE5/2(b2T2)—%[i+%]f erfe(bT)

aT3x/; a’

ziTzi2 erfe(bT)
a

In all of these, computation for small a results in losses of significance by small differences of large
numbers or an indeterminant form for a — 0 since each integral is analytic in the parameter a.

Resolution of these forms for a — 0 yields the power series in at which converges best for avt <1:

(2.17.6) ]24(a,b,c,t):J24(a,b,t)erf[%j Scj/e_ {bz (=2at)" v, ., +t Z (n+2)(=2at)" ym}

Q17.7) I5,(a,b,c,t) = J,, (a,h z)erfc( ¢ j Bcte™” {bz (-2av1)"y, 5+t Z (1 + 2)(=2a~1)" yM}

7
(2.17.8) Joa(a,b,t) = tV(£)—Vas(a,b.f)
2.17.9) V24(a,b,t)=16tzi (—2a~1)"i"* erfe(bT)

where V(f) and the y,(c,b,T) sequence are computed in Chapter 3, Folder 21,

(2.17.10) V(t)= 4t2 (—2a~1)"i"*? erfe(bT) T:%, X=0+AT
t

2 0 erfc(bw)

n

(2.17.11) v, (e,b,T)=2T""e" | T
r w
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The iterated coerror functions are generated in subroutine DINERFC and the y, (¢,b,T) sequence is
genrerated in subroutine GNSEQ.

Computer Subroutines

1,,(a,b,c,t) or IS, (a,b,c,t): SUBROUTINE INTEGI24(...) with KODE=1 or KODE=2
J,,(a,b,t): SUBROUTINE INTEGJ24(...)
V,,(a,b,t): SUBROUTINE INTEGV24(...)

References: Chapter 3, Folders 10, 21, 22, 24
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(2.18) Function I, (a,b,c,d,t)
I,.(a,b,c,d,t) = j 0' U(a,b,7) U(c,d, 7)dt

U(a,b, t) = e* "**™erfe(a/t +b//t)

a0, b>20, ¢c=20, d>0, t>0

Representation

LR (ab,d,0)

Jr

© R (a,b,d,t)-

Jr

(2.18.1) I,5(a,b,c,d,t) =% a’U(c,d,t)V(a,b,t)+
(a”+c7)

235 J,,(c,d,b,t)+c>(1+2ab)I%, (c,d,b,t) +%122(a,b,d,t)—%JZl(a,b,d,t)}
where
V(a,b,t)=£\/ze_bz“ (”22“1’) rf( j+—U(a b,t)
a\r a Ji
:%zerfc[\/}j %[U(a,b,t)—erfc[%ﬂ
2at .
R (a,b,d,t) = \/_E (X)) =2(1+2ab)I¢ (d,b,T)
R,(a,b,d,1) = \/_E (X)—2(1+2ab)I,(d,b,T)
T= % X = (b*+d*)t.

Here, Is and I; are computed in Folders 5 and 10. V, J>; I5,, [ and J, are the principal results of

Folders 21 and 22. Notice also that /55 is symmetric in the pairs (a,b) and (c,d) and exchanging these
pairs on the right yields an alternate form. In fact, any convex linear combination of these forms gives
b»s; in particular, adding and dividing by 2 gives the symmetric form.

Computer Subroutine

I,;(a,b,c,d,t): SUBROUTINE INTEGI25(...)

Reference Chapter 3, Folder 25

2.18-1



(2.19) Function I,,(a,b,c,d,t)
Lg(@;bye,d,0) = [ tU(a,b, 1)U c,d, Ty
U(a,b,t) = e "> erfe(art +b/t)

a20, b=20, c20, d>0, t>0

Series Representations

Symmetric form

(2.19.1) Ly (a,b,c,d,t) = ﬁ U (a,b,)U(c,d,t)— 1,5(a,b,c,d,t)

+-L J,(c,d,b,t)- izzz (c,d,b,t)
T

N N

T, (a,bydy )= 1 (a,byd, 1))

s Jr

where I5,, Jo; and Is are defined in Chapter 3, Folders 22 and 25. A more efficient computational form
is also presented in terms of more fundamental integrals which eliminates redundant computation.

An alternate, non-symmetric, more complicated form is also derived in Chapter 3, Folder 26.

Computer Subroutine

I,,(a,b,c,d,t): SUBROUTINE INTEGI26(...)

Reference: Chapter 3, Folder 26
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(2.20) Indefinite Integrals

J=[ e® ) erfe a\/;+ijdx
[ e randadi

1= xe(“z‘bz)"erfc(a\/; + L]dx
f oy

Representations

@2200)  J=[ e erfc(a\/; +L]dx

Jx

(a®=b*)x —2ac
— Zz—bzerfc(a\/; + %j £ . [_ f(x,a,b,c)+ f(x/;,—a,b,—c)]
- x

where f(\/;, a,b,c) = %[1 + %j erfc(b\/; + %)

(az—bz)x
[=-5— {—H - }erfc[X(\/;,a,c)]
(2.20.2) a”—b - —b
+ ¢ 7 [F(\/;a aab9c) - F(\/;a_aaba_c)]

2bc _ R
Py, = |3 ot (1+ﬂ]
a*-b* | bl b

c 1 a a
n Kg n e ][1 + ZJ —ﬁ}erfc[)((\/;,b, C]}

X(\/;,a,c)za x+c/x

Computer Subroutines

I: SUBROUTINE ERFINT(...)

References: Chapter 3, Folder 12
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(2.21) Functions H,,(x), I,,(x) and J,,(x)

H,,(x)= J: ewzerfc(w) dw = %.[: everfc(\/;)d—:

N

I,,(x)= f: e" erfe(w)wdw = %'[OX e"erfe(+/v)dv

J,(x)= jo" ewzerfc(w)wzdw=% j: e erfe(v'v)/v dv

x20

Representations

H>; 1s evaluated from the relations

S(x,0) 0<x<l1
S,+S5(x,2) 1<x<3

(2.21.1) H,(x)=
S, +S8(x,4) 3<x<4

S, +V(x4) 4<x<ow

where S(x,xo) is the Taylor expansion about xy,

0 _ n+l
2.21.2) S(xx,) =Y (-2)"[e " erfc(xo)]%,
n=0 +
2 2 4 2
(2.21.3) S, = jo e” erfe(v)dv, S, = jo e’ erfe(v)dv,
(2.21.4) S, = 0.9753620874841564 Sy = 1.344468257503159.
and V(x,4) is the integral
x 2 1 &' 4
(2.21.5) V(x,4)=L y(v)dv y(v) = e erfe(v) = > a, T~ V>4,
VNT n=0 1%

where y(v) is a Chebyshev sum with coefficients a,, ( see Chapter 3, Folder 23 for numerical values).
The result for V'(x,4) is

@216)  Vd) =%[Z ’az,AZ,(x)Hn(ﬁﬂ
T

r=0
where 4, (x) is computed from the recurrence

Ao(x) =0, A,(x)=1- (f]
X
(2.21.7)

Ay (X) + A4y, (x) =— r>1.

1 |L,,4/x) T, (4/x)
2r(r+1) 2r+2 2r

Truncation of ¥(x,4) at 18 terms suffices for errors O(10™'°). Here, the prime on the sum means to halve
the first term.
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1, (x)can be evaluated explicitly,

(2.21.8) L, (x) = e erfe)-1  x

2 Vn

and J,3(x) can be expressed in terms of Hy3(x),

2
(2.21.9) J o (x) = % xe® erfe(x) + = — H,, (x)

N

Reduction Formula
Let

(2.21.10) I, (x)= j: e erfe(w)w”dw, o=2n or 2n+l, n=12, ...
Then

_1 a-1 1 X a-1 ((l—l) X w? a-2
(2.21.11) L0)="% erfc(x)+ﬁjo wldw = jo " erfe(w)w*dw

‘ _(a—;l)la—z (X) .

1 1
(2.21.12) I,(x)=—=x""erfec(x)+ X

2 Y
Notice that for oo =2 we get the formula for J»3(x)(=/2(x)) since Ip(x) = Hr3(x). Since oo =2n or 2n+1, a

repeated application of this formula ends up with /y(x) or /;(x) which translate to H,3(x) or I3(x)
respectively.

Numerically, all of the formulas derived so far suffer from high cancellation of significant digits when x
is small which results in a loss of relative error. Consequently the power series is valuable in numerical

evaluation.

Power Series

(2.21.13) I, (x)= j Ox e erfe(w)wdw = x> (=) . a=0,1,2,...
n=0 r(’; + 1)(;1 +o+1)

where 1(x) =H,;(x),I,(x) =1,;(x)and I, (x) =J ;(x)

Asymptotic Expansion for H,,(x) for x — o

(2.21.14) H,,(x) = J'Oxewz erfe(w)dw = %J':z e“erfe(\7) drd

1 2 A,
\/; 2\/;{7+21n(2x)—;x2n}

where y is the Euler constant
-1)"(1/2),

n

7 =0.5772156649015328606 and 4, =
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Computer Subroutines

H,;(x): DOUBLE PRECISION FUNCTION DHERF((...)

References: Chapter 3, Folder 23
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(2.22) Incomplete Bessel Function

I(a,b,X) = j: e~ gt
a>0, b>0, X>0

Representations

Small b/X expansion

(2.22.1) 1= xy O &j E, (aX)

Small aX expansion

(2.22.2) \/7K (2\ab) - Xi (X) Em(bj

X

A representation in terms of analytic functions suitable for a quadrature,

. b o —2+Jab coshv+v
(2.22.3) I(a’b’X)_\/gj.ln(XM) ¢ &

The incomplete Gamma functions are explored in Chaudhry and Zubar where Equation 2.163 expresses
I in terms of

@224)  Taiby=[ epr—broa -3 COL[ T

V1 i s+n—a

which for oo =1 is I(1, b, x). Evaluation of the residues in the complex integral results in the small b/X
expansion. Notice that a change of variables t=v/a in I(a,b,X) produces

(2.22.5) I(a,b,X):ll(l,ab,aX)le(l,aX:ab)
a a

Special Cases
X=0 gives the Bessel Function of order 1

(2.22.6) I(a,b,0) = j:’ e dr = 2\/EK1 (2vab)
a

a=0 gives
[ -bit g, _

22. 5 .
(2.22.7) I(O,b,X)—J-X e'dt = X E, (bl X)
b=0 gives

—aX
(2.22.8) 1(a,0,X) = | edr =<
X a

References: Chapter 3, Folder17;
Chaudhry, M. A. and Zubair, S. M. “On A Class of Incomplete Gamma Functions with
Applications” Chapman & Hall/CRC, Boca Raton, 2001
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