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1. Table of Integrals 
 
This table of integrals presents the results of the computations carried out in Chapter 3. 
Chapter 2 presents the main results of Chapter 3 in handbook format. 
 
(1.0) Integrals 
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                     In particular, 
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Integrals Related To the Function U(a,b,t)  
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Miscellaneous Integrals    x ≥ 0 
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                     Useful expansions for small aT (See (1.0.68) and (1.0.70) and Chapter 3, Folder 9): 
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                     The general case is: 
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                      where k
nC  is a binomial coefficient. 

 
                      Reciprocal relations for 2

1/ 2 ( )+nE x  and ( )ni erfc x (See Chapter 3, Folder 28): 
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(1.1) Comments on the Use of Quadrature 
 
Introduction 
 
The main thrust of this work is directed toward the development of forms suitable for high accuracy 
computation (double precision arithmetic). It is not uncommon to find that representations of the desired 
integral break down computationally over some parameter ranges and a suitable alternative cannot be 
found. In these cases, a numerical quadrature is used as a default even though a quadrature is generally 
computationally more expensive. The quadratures used for this study are done on integrals whose 
integrands are analytic over the range of integration. This is achieved by a change of variable or a 
change in representation since the natural form of heat conduction solutions in the time variable often 
involves arguments of a square root or reciprocal square root. Historically, analytic forms (their Taylor 
series exist) are a kind of standard because a lot of work has been done to approximate these integrals by 
integration of polynomial approximations of the integrand (locally, a truncated Taylor series is a 
polynomial). Consequently, there are robust codes which will do the integration automatically without 
excessive programmer intervention. In these codes, only a subroutine for the function, the limits of 
integration, and an error tolerance REL need be specified. DGAUS8 written by R. E. Jones is one such 
routine which can be found on the SLATEC library and is used as part of this work. This subroutine was 
developed for high accuracy (double precision) applications and is well tested. It is adaptive, meaning 
that an 8-point Gauss formula is applied on subintervals where an error estimate is made for a given 
interval. If the estimate meets the required accuracy, then this interval is excluded from further 
subdivision and the routine moves on to test and subdivide until all subintervals meet the requirements 
or a specified limit is reached. Furthermore, one can expect significant digits from non-negative 
integrands because the 8-point Gauss formula has positive coefficients and losses of significant digits by 
differences of nearly equal quantities cannot occur. It is also assumed that a suitable double precision 
library of special functions is available to compute the integrand to the required accuracy. 
 
Computing With DGAUS8 and DQUAD8 
 
We apply DGAUS8 in a special way on infinite integrals to construct a routine called DQUAD8. To be 
a candidate for DQUAD8, the integral should converge rapidly. In these cases it is important to estimate 
a scale of integration in order to do the computation efficiently and not let the routine search for the 
region where most of the work needs to be done. Many of the integrands which result in quadratures are 
dominated by an exponential. In these cases, the scale of integration can be estimated by a “standard 
deviation”, σ . To be precise, we consider integrals of the form 
 

(1.1.1)                                               dxxf
X

)( I ∫
∞
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                             axexgxf −= )()(             or          

22

)()( xaexgxf −=  
 
where g(x) is slowly varying and the estimate for σ  is given by 
 

(1.1.2)                  
a
mσ = ,     m = 4 or 5    or    

2a
mσ = ,     m=3 or 4. 

 
Notice that when a is small then the scale of integration can be very large and when a is large the scale 
of integration can be very small. Then the quadrature proceeds according to the formula 
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(1.1.3)                          k
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and kQ is computed by DGAUS8 with the REL parameter to specify the accuracy. The sum is 
terminated in DQUAD8 on a relative error test 
 
(1.1.4)                                        RELIQ KK ≤/  
 
This termination procedure is not rigorous, but it can be made rigorous by estimating the truncation 
error. Thus, if g(x) is bounded by M for x>R, then the truncation at R gives an estimate 
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where we have used an estimate of Mill’s ratio to estimate erfc(aR) [A&S, 7.1.13]: 

                                                2 2

( ) 2 / 1    
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π
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+ +x

erfc x
xe x x

. 

DQUAD8 returns not only an answer KI  but also the end point of the quadrature, KσXXK += , after 
K applications of DGAUS8. Because DQUAD8 can also be called repeatedly with no change in the call 
list, DQUAD8 can be put into a loop. On each return from DQUAD8, the truncation error can be 
estimated by one of the formulas above with KXR = . If the inequality  
 
(1.1.6)                                               RELIB KR ≤/   
 
is satisfied, then exit from the loop; otherwise, the looping continues until the estimate is satisfied or the 
maximum loop index is reached. Experience has indicated that the truncation error estimate is almost 
always satisfied on the first time through DQUAD8. 
 
While the main thrust of DQUAD8 is to compute quadratures on infinite intervals, one can use this 
stepping procedure on finite intervals also. The details are given in the APPENDIX of Folder 21 in 
Chapter 3. 
 
References: Chapter 3, Folder 21, APPENDIX 
 


